We present conditions, some necessary and some sufcient, for robust stability and uniform robust stability of uncertain linear time-invariant systems with linear time-invariant uncertainties that are block-diagonal, with known frequency-dependent norm bounds on the diagonal blocks. Under stronger assumptions on the frequency dependence of the uncertainty bound, we obtain necessary and sucient conditions.
Introduction
A popular paradigm for modeling control systems with uncertainties is illustrated in Figure 1 . Here P (s) i s the transfer function of a stable linear system, and is a stable operator that represents the \uncertainties" that arise from various sources such as modeling errors, neglected or unmodelled dynamics or parameters, etc. Often, the uncertainty is assumed to possess various additional properties. Common examples are that is structured (i.e., diagonal or block-diagonal), that it is linear timeinvariant or real-constant etc. Such control system models have found wide acceptance in robust control; see for example [1, 2 , 3 , 4 , 5 ] .
The Small-Theorem is the foundation of the structured singular value approach t o w ards establishing robust stability of the system in Figure 1 . It gives a necessary and sucient condition on the \-norm" of the plant transfer function P (s) for the \P {" feedback loop in the literature, and it was shown in [6] that some commonly quoted versions of this theorem are in fact incorrect.
The situation is even less clear when the norm-bound on is frequency-dependent. To the authors' knowledge, no formal extension of the small-theorem to this case is available in the open literature. Proofs informally mentioned within the research community are usually based on the construction, for each uncertainty block, of an H 1 function, with inverse in H 1 , whose magnitude on the imaginary axis is equal to the given uncertainty bound d i (!). Such proofs implicitly restrict d i to be bounded and bounded away from zero. In this note, we rst formally state and prove a small-theorem under such restrictions on the frequency bound. We then show that, if mere robust stability, rather than uniform robust stability, is sought, then the boundedness assumption on d i can be dropped. This is important since the uncertainty is typically modelled as arbitrarily large at high frequency. We also derive a small-theorem where the assumption that d is bounded away from zero is relaxed.
Main result
We start with some notation and preliminaries. Let R + be the set of nonnegative real numbers. Let C + be the closed right half of the complex plane. Let R e = R [ f1g be the We will consider two robust stability properties of the system in Figure 1 . We s a y that the system is robustly stable with respect to B D if it is stable for every in B D . We say that the system in Figure 1 i s uniformly robustly stable [7] with respect to B D , if it is stable for all 2 B D , and there exists some M > 0 such that k(I + P ) 1 k 1 < M8 2 B D : When D(!) = I n for all ! 2 R e , the situation considered here is the standard complex-problem, and a number of precise mathematical statements can be made relating robust stability, uniform robust stability and in this case; see [6] for example. For general D, h o w ever, no such statements can be found in the literature. The objective of this paper is to explore this issue.
We rst note that under some assumptions on D, we can provide necessary and sucient conditions for uniform robust stability of the system in Figure 1 by appealing to standard results. 
Now, condition (2) is equivalent to the condition that sup
Standard results in analysis (e.g., [6] ) state that this condition is equivalent to the condition that the system in Figure 2 is stable for all 2 B, and that for some M Figure 2 is stable, we conclude that condition (2) is equivalent to:
1 However, there need not exist any real-rational destabilizing , even when P is real-rational: see [6] .
The system in Figure 1 These two conditions are equivalent to uniform robust stability of the system in Figure 1 with respect to B D . The second statement of the theorem also follows, via similar arguments.
The uniform robust stability condition is stated in Theorem 1 under fairly strong continuity and boundedness assumptions on d i . In particular, it is required that d i be bounded, which is unnatural as the uncertainty i s t ypically modelled as arbitrarily large at high frequency. In the rest of the paper, we explore the possibility o f relaxing some of these assumptions. A direct approach becomes necessary however. We start with a more general \stability" theorem. Proof: We use contradiction to prove the rst claim. Thus let 2 B D be such that the system in Figure 1 is unstable, i.e., such that (I + P ) 1 Since D is upper semicontinuous (and nite valued) on R e and thus is bounded, it follows that there exists^ 2 B and! 2 R e such that^ ^ D( ! ) 2 and (I +^ P (j!)) = 0; i.e., det(I +^ P (j!) ) = 0 ; leading to the same contradiction as above.
Next, we h a v e an \instability" theorem. i.e.,
i.e., det (I + ( 1 + ) D ( ! ) P (j! )) = 0
for some 2 B .
It follows then that for every such , the matrix D(! ) P (j! ) has an eigenvalue, say , that is equal to 1=(1 + ). Thus the matrix I + D(! ) P (j! ) has an eigenvalue, 1 + , that goes to 0 as ! 0. Consequently either that matrix is singular for some , or its inverse has an eigenvalue that grows without bound as ! 0. In either case, the claim follows. Now for the second step. Rather than interpolating exactly, given 0 > 0 arbitrarily small, we will construct 
Conclusion
For linear systems aected by structured perturbations whose sizes depend on frequency, w e h a v e established precise connections between uniform robust stability and . We h a v e attempted to prove stability results under weak assumptions on the frequency-dependent bound on the size of the perturbations. In particular, we h a v e presented results where the uncertainty bound is allowed to grow without bound at high frequency. Our results ll in gaps in the literature, where similar results are stated rather informally.
There are several issues that remain (and will be explored in the future). For instance, we h a v e only assumed that the perturbation 2 H 1 . It is often the case that i s also real-rational (or at least real on the real axis), and the extension of the results derived herein to this case is of interest.
